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DUALITY ON FOCK SPACES AND COMBINATORIAL ENERGY
FUNCTIONS
JAE-HOON KWON AND EUIYONG PARK
Abstract. We generalize in a combinatorial way the notion of the energy func-
tion of affine type A on a sequence of row or column tableaux to the case of a
more general class of modules over a general linear Lie superalgebra g based on a
Howe duality of type (g, gln) on various Fock spaces.
1. Introduction
The Kostka-Foulkes polynomials are natural q-deformation of Kostka numbers.
They appear as the entries of a transition matrix between Schur functions and Hall-
Littlewood functions, and also coincide with the Lusztig’s q-weight multiplicities of
type A (cf. [29]). One of the most important and interesting properties of Kostka-
Foulkes polynomials is that they have non-negative integral coefficients. In [27] Las-
coux and Schu¨tzenberger introduced the notion of charge statistic on semistandard
Young tableaux, and proved this positivity of Kostka-Foulkes polynomials.
In [30] Nakayashiki-Yamada showed that the energy function on a finite affine
crystal associated to a tensor product of symmetric (or exterior) powers of the nat-
ural representation of glℓ is given by the Lascoux and Schu¨tzenberger’s charge. This
also gives another combinatorial realization of the Kostka-Foulkes polynomials as q-
deformed decomposition multiplicities. Indeed, if we understand the energy function
on a sequence of row (or column) tableaux as a statistic on the corresponding non-
negative integral (or binary) matrix, then the Nakayashiki-Yamada’s result implies
that the energy of a given matrix is equal to the charge of its associated recording
tableau under the RSK correspondence. We also refer the reader to for example,
[22, 31, 32] and references therein for a generalization of the work [30] to the case of
a tensor product of arbitrary Kirillov-Reshetikhin crystals of affine type A.
The purpose of this paper is to understand and generalize the energy function of
type A
(1)
ℓ−1 on a sequence of row (or column) tableaux in another direction from a
J.-H. Kwon was supported by Basic Science Research Program through the National Research
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viewpoint of duality principle due to Howe [13]. Let (A,B) be a pair of countable
Z2-graded totally ordered sets. We consider a Lie superalgebra g of type A and
a semisimple g-module F associated to (A,B). Following [13] (see also [5]), one
can show that g forms a dual pair with gln on F
⊗n for n ≥ 1, giving a family of
irreducible g-modules Lg(λ) appearing in the (g, gln)-decomposition
(1.1) F⊗n ∼=
⊕
λ∈Hg,n
Lg(λ)⊗ Ln(λ),
where Hg,n is a subset of Z
n
+, the set of generalized partitions of length n, and Ln(λ)
is the finite-dimensional irreducible gln-module corresponding to λ (Theorem 2.5).
The decomposition (1.1) is the classical (glℓ, gln)-duality with Lg(λ) an irreducible
polynomial glℓ-module, when A is finite with ℓ even elements and B = ∅. Moreover,
under suitable choices of (A,B), {Lg(λ) |n ≥ 1, λ ∈ Hg,n } may also include various
interesting families of irreducible modules, which forms a semisimple tensor category,
for example, the integrable highest weight modules over gl∞, infinite-dimensional
unitarizable modules over glp+q called a holomorphic discrete series, the irreducible
polynomial modules over a general linear Lie superalgebra glp|q, and so on (cf. [2, 3,
4, 5, 8, 13, 16, 21]). A uniform combinatorial character formula for Lg(λ) was given
by the first author [24] in terms of certain pairs of Young tableaux, which we call
parabolically semistandard tableaux of shape λ (of level n).
Now, we consider a g-module
(1.2) Vg(µ) = Lg(µ1)⊗ · · · ⊗ Lg(µn) ⊂ F
⊗n,
for µ = (µ1, . . . , µn) ∈ Z
n
+ with µ1, . . . , µn ∈ Hg,1, which is semisimple and decom-
poses into Lg(λ)’s for λ ∈ Hg,n with finite multiplicity given by the classical Kostka
number Kλµ [24]. Then one can define a q-deformed character of Vg(µ) by replac-
ing the multiplicity Kλµ of Lg(λ) in Vg(µ) with the corresponding Kostka-Foulkes
polynomial Kλµ(q), which can be viewed as a natural g-analogue of modified Hall-
Littlewood function.
As a main result, we introduce a purely combinatorial statistic called a combi-
natorial energy function on the n-tuples of parabolically semistandard tableaux of
level 1 associated to (1.2), which generalizes the usual energy function of type A
(1)
ℓ−1
on a sequence of row (or column) tableaux, and also produces the q-deformed char-
acter of Vg(µ) in a bijective way (Theorem 4.5). The main ingredient of our proof
is an analogue of RSK algorithm for the decomposition (1.1) of F⊗n as a (g, gln)-
module [24], which is proved here to be an isomorphism of gln-crystals (Theorem
4.8). Another important one is an intrinsic characterization of the charge statistic on
regular gln-crystals, which is deduced by combining the result in [30] and a bicrystal
structure on the classical RSK correspondence (Theorem 3.2).
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We remark that as in the case of the classical (glℓ, gln)-duality it would be very
interesting to find a representation theoretic meaning of our combinatorial energy
function in terms of representations of a quantum (super)algebra associated to an
affinization of g, especially when g = gl∞ with Lg(λ) the integrable highest weight
module, or g = glp|q with Lg(λ) the irreducible polynomial module [11, 34].
The paper is organized as follows. In Section 2, we recall the notion of paraboli-
cally semistandard tableaux and related results. In Section 3, we review the energy
function of affine type A
(1)
ℓ−1, and the charge statistic on regular gln-crystals together
with its new intrinsic characterization. In Section 4, we introduce a combinato-
rial energy function, and then show that the associated q-deformed decomposition
multiplicities recover the usual Kostka-Foulkes polynomial.
Acknowledgement We would like to thank the referees for careful reading and
helpful comments.
2. Parabolically semistandard tableaux
2.1. Semistandard tableaux. Let us briefly recall necessary background on semi-
standard tableaux (cf. [7, 24]). Let P be the set of partitions, where we often
identify a partition with its Young diagram as usual. Throughout this paper, A (or
B) denotes a countable Z2-graded set (that is, A = A0 ⊔ A1) with a total order
<. By convention, Z>0, Z≥0, and Z<0 denote the set of positive, non-negative, and
negative integers with the usual total order and even degree, respectively. For each
Z>0, we put [n] = {1 < 2 < · · · < n} and [−n] = {−n < · · · < −2 < −1} with even
degree. We assume that A′ = { a′ | a ∈ A } is the set with the total order a′1 < a
′
2
for a1 < a2 ∈ A and the opposite Z2-grading.
For a skew Young diagram λ/µ, an A-semistandard tableau T of shape λ/µ is a
filling of λ/µ with entries in A such that (1) the entries in rows and columns are
weakly increasing from left to right and from top to bottom, respectively, (2) the
entries in A0 are strictly increasing in each column, (3) the entries in A1 are strictly
increasing in each row. Let sh(T ) denote the shape of T , and wcol(T ) (resp. wrow(T ))
the word with letters in A obtained by reading the entries column by column (resp.
row by row) from right to left (resp. from bottom to top), and in each column (resp.
row) from top to bottom (resp. from left to right). Let SSTA(λ/µ) be the set of all
A-semistandard tableaux of shape λ/µ. We set PA = {λ ∈ P | SSTA(λ) 6= ∅}. For
example, Pn := P[n] = {λ ∈ P | ℓ(λ) ≤ n}, where ℓ(λ) is the length of λ.
Let PA =
⊕
a∈A Zǫa be the free abelian group with the basis { ǫa | a ∈ A }, and
let xA = {xa | a ∈ A } be the set of commuting formal variables indexed by A. For
T ∈ SSTA(λ/µ), let wtA(T ) =
∑
a∈Amaǫa ∈ PA be the weight of T , where ma is the
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number of occurrences of a in T , and put xT
A
=
∏
a∈A x
ma
a . We define the character
of SSTA(λ/µ) to be sλ/µ(xA) =
∑
T∈SSTA(λ/µ)
xT
A
.
For a ∈ A and T ∈ SSTA(λ), (T ← a) denotes the tableau obtained by the
Schensted’s column bumping algorithm, and (a → T ) the tableau obtained by the
row bumping algorithm. For T ∈ SSTA(λ) and T
′ ∈ SSTA(µ), we set (T ← T
′) =
(((T ← c1) · · · ) ← ct) and (T
′ → T ) = (rt → (· · · (r1 → T ))), where wcol(T
′) =
c1 . . . ct and wrow(T
′) = r1 . . . rt.
Let µ = (µ1, . . . , µr) be a sequence of non-negative integers. For (T1, . . . , Tr) ∈
SSTA(µ1) × · · · × SSTA(µr), let Sk = (((T1 ← T2) · · · ) ← Tk) for 1 ≤ k ≤ r.
We define ̺col(T1, . . . , Tr) = (S, SR), where S = Sr and SR is the [r]-semistandard
tableau of shape sh(S) obtained by filling sh(Sk)/sh(Sk−1) with k for 1 ≤ k ≤ r.
Similarly, we define ̺row(T1, . . . , Tr) = (S
′, S′R), where S
′ = (Tr → (· · · (T2 → T1))).
Then we have bijections
(2.1) ̺col, ̺row : SSTA(µ1)× · · · × SSTA(µr) −→
⊔
λ∈PA
SSTA(λ)× SST[r](λ)µ,
where SST[r](λ)µ = {T ∈ SST[r](λ) |wt[r](T ) =
∑r
i=1 µiǫi }.
Let Aπ be A as a Z2-graded set with the reverse total order of A. For T ∈
SSTA(λ/µ), define T
π to be the tableau obtained after 180◦-rotation of T , which
is an Aπ-semistandard tableau. Let A ∗ B be the Z2-graded set A ⊔ B with the
extended total order defined by x < y for all x ∈ A and y ∈ B. For S ∈ SSTA(µ)
and T ∈ SSTB(λ/µ), define S ∗ T to be the tableau of shape λ given by gluing S
and T so that S ∗ T ∈ SSTA∗B(λ).
Example 2.1. Note that the ordered sets Z′>0 and Z
′
≥0 have only elements of odd
degree. Letting P =
1′ 2′ 3′ 4′
1′ 2′ 4′
∈ SSTZ′>0(4, 3), we have
P π =
4′ 2′ 1′
4′ 3′ 2′ 1′
∈ SST(Z′>0)
pi((4, 4)/(1)).
If we consider
H =
1 1 1 1
2
∈ SST[3](4, 1),
T =
2′ 4′ 5′ 6′ 7′
0′ 3′ 4′ 5′
0′ 1′
∈ SSTZ′≥0((9, 5, 2)/(4, 1)),
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then we have
H ∗ T =
1 1 1 1 2′ 4′ 5′ 6′ 7′
2 0′ 3′ 4′ 5′
0′ 1′
∈ SST[3]∗Z′≥0(9, 5, 2).
2.2. Rational semistandard tableaux. Let us recall the notion of rational semi-
standard tableaux [33]. Let Zn+ = { (λ1, . . . , λn) |λi ∈ Z, λ1 ≥ . . . ≥ λn } be the set
of generalized partitions of length n. We may identify λ ∈ Zn+ with a generalized
Young diagram. For example, λ = (3, 2, 0,−2) ∈ Z4+ corresponds to
−2 −1 1 2 3
where the non-zero integers indicate the column indices.
For λ ∈ Zn+, a rational semistandard tableau T of shape λ is a filling of λ with
entries in [n] ⊔ [−n] such that (1) the subtableau with columns of positive indices
is [n]-semistandard, (2) the subtableau with columns of negative indices is [−n]-
semistandard, (3) if b1 < · · · < bs (resp. −b
′
1 < · · · < −b
′
t) are the entries in
the 1st (resp. −1st) column with s + t ≤ n, then b′′i ≤ bi for 1 ≤ i ≤ s, where
{b′′1 < · · · < b
′′
n−t} = [n] \ {b
′
1, . . . , b
′
t}. Let us call n the rank of T , and define
the weight of T to be wt[n](T ) =
∑
i∈[n](m
+
i −m
−
i )ǫi, where m
±
i is the number of
occurrences of ±i in T . We also use the same notation SST[n](λ) to denote the set
of rational semistandard tableaux of shape λ. For example,
T =
1 1 2
2 3
-4 -3
∈ SST[4](3, 2, 0,−2)
with wt[4](T ) = 2ǫ1 + 2ǫ2 − ǫ4.
For 0 ≤ t ≤ n, let T be a tableau in SST[n](0
n−t, (−1)t) with the entries
−b1, . . . ,−bt. We denote by σ(T ) the tableau in SST[n](1
n−t, 0t) with the entries
[n] \{b1, . . . , bt}. For an arbitrary tableau T ∈ SST[n](λ), by applying σ to the −1st
column of T , we have a bijection
(2.2) σ : SST[n](λ)→ SST[n](λ+ (1
n)),
where wt[n](σ(T )) = wt[n](T ) +
∑n
i=1 ǫi. Let λ = (λ1, . . . , λn) ∈ Pn and T ∈
SST[n](λ). For d ≥ λ1, we set δd(λ) = (d
n)− (λn, . . . , λ1) and δd(T ) = (σ
−d(T ))π ∈
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SST[−n]pi(δd(λ)). Identifying −k ∈ [−n]
π with k ∈ [n], we get a bijection
(2.3) δd : SST[n](λ)→ SST[n](δd(λ)).
Example 2.2. Let n = 3 and
Q =
1 1 2 2
2 3 3
∈ SST[3](4, 3, 0).
Then we have δ−4(4, 3, 0) = (4, 1, 0) and σ−4(Q) =
-3
-3 -2 -1 -1
. Thus
δ4(Q) =
1 1 2 3
3
∈ SST[3](4, 1, 0).
2.3. Parabolically semistandard tableaux. Now, we review the notion of parabol-
ically semistandard tableaux1 introduced in [24] to study a combinatorial aspect of
Howe dual pairs of type A.
Let λ ∈ Zn+ be given. A parabolically semistandard tableau of shape λ with respect
to (A,B) is a pair of tableaux (T+, T−) such that
T+ ∈ SSTA((λ+ (d
n))/µ), T− ∈ SSTB((d
n)/µ),
for some integer d ≥ 0 and µ ∈ Pn satisfying (1) λ+ (d
n) ∈ Pn, (2) µ ⊂ (d
n), µ ⊂
λ+ (dn). We call n the level of T and define the weight of T to be
wtA/B(T ) = wtA(T
+)− wtB(T
−) ∈ PA ⊕ PB.
We denote by SSTA/B(λ) the set of parabolically semistandard tableaux of shape λ.
Roughly speaking, T ∈ SSTA/B(λ) is a pair of an A-semistandard tableau T
+
and a B-semistandard tableau T−, the difference of whose shapes is λ. For example,
if A = B = Z>0, then the pair (T
+, T−) with
T+ =
1 1 2 2
1 2 2 4
2 3 3
4 · ·
T− =
1 · · ·
1 2 · ·
2 2 4
3 3 5
belongs to SSTA/B((3, 2, 0,−2)), where the vertical lines in T
+ and T− correspond
to the one in the generalized partition λ = (3, 2, 0,−2), and the bold-faced entries
denote ones in the overlapping parts of sh(T+) and sh(T−). In this case, we have
sh(T+) = λ+ (34)/(2, 1, 0, 0), and sh(T−) = (34)/(2, 1, 0, 0).
1These were called A/B-semistandard tableaux in [24].
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Let us describe an analogue of RSK correspondence for parabolically semistandard
tableaux [24]. From now on, we assume that A and B are disjoint sets. Let
FA/B =
⊔
k∈Z
SSTA/B(k)
be the set of all parabolically semistandard tableaux of level 1, and Fn
A/B its n-fold
product. Let T = (T1, . . . , Tn) ∈ F
n
A/B be given with Ti = (T
+
i , T
−
i ). We associate a
pair (PT, QT), where PT is a parabolically semistandard tableau of level n and QT
is a rational semistandard tableau of rank n determined by the following steps:
(κ-1) Let
(P,Q) = ̺col((T
−
1 )
π, . . . , (T−n )
π).
Put T− = P π and write sh(T−) = (dn)/µ for some d ≥ 0 and µ ∈ Pn.
(κ-2) Let Q∨ = δd(Q), which is of shape µ, and let ν = (ν1, . . . , νn), where
wt[n](Q
∨) =
∑
i∈[n] νiǫi. By (2.1), there exist unique Si ∈ SST[n](νi) for
1 ≤ i ≤ n such that
̺row(S1, . . . , Sn) = (H
µ, Q∨) ∈ SST[n](µ)× SST[n](µ)ν ,
where Hµ is the tableau of shape µ with weight
∑
i∈[n] µiǫi.
(κ-3) For 1 ≤ i ≤ n, put Ui = Si ∗ T
+
i , which is an [n] ∗ A-semistandard tableau.
Using (2.1) once again, we let
(U,UR) = ̺row(U1, . . . , Un) ∈ SST[n]∗A(λ+ (d)
n)× SST[n](λ+ (d)
n),
for some λ ∈ Zn+.
(κ-4) Since i < a for all i ∈ [n] and a ∈ A in [n] ∗ A, we have U = Hµ ∗ T+ for
some T+ ∈ SSTA(λ+ (d)
n/µ). Finally, we define
PT = (T
+, T−) ∈ SSTA/B(λ),
QT = σ
−d(UR) ∈ SST[n](λ).
Example 2.3. Let A = Z′≥0 and B = Z
′
<0. Note that A and B have only elements
of odd degree. Consider
T = (T1, T2, T3) ∈ SSTA/B(3) × SSTA/B(1)× SSTA/B(0) ⊂ F
3
A/B,
where
T1 = (T
+
1 , T
−
1 ) = ( 0
′ 1′ 3′ 4′ 5′ , -4′ -3′ ),
T2 = (T
+
2 , T
−
2 ) = ( 0
′ 2′ 6′ 7′ , -4′ -2′ -1′ ),
T3 = (T
+
3 , T
−
3 ) = ( 4
′ 5′ , -2′ -1′ ).
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Then, we have
̺col((T
−
1 )
π, (T−2 )
π, (T−3 )
π) = ̺col( -3′ -4′ , -1′ -2′ -4′ , -1′ -2′ )
= (P,Q) =
(
-1′ -2′ -3′ -4′
-1′ -2′ -4′
,
1 1 2 2
2 3 3
)
∈ SST(Z′<0)pi (4, 3, 0) × SST[3](4, 3, 0),
which yield T− =
-4′ -2′ -1′
-4′ -3′ -2′ -1′
(see Example 2.1). We choose d = 4 and µ =
(4, 1, 0). So we have
Q∨ =
1 1 2 3
3
∈ SST[3](µ)
with wt[3](Q
∨) = 2ǫ1 + ǫ2 + 2ǫ3, which implies ν = (2, 1, 2) (see Example 2.2). It
follows from
̺row( 1 1 , 2 , 1 1 ) =
(
1 1 1 1
2
,
1 1 2 3
3
)
∈ SST[3](µ)× SST[3](µ)ν
that
U1 = 1 1 0′ 1′ 3′ 4′ 5′ ,
U2 = 2 0′ 2′ 6′ 7′ ,
U3 = 1 1 4′ 5′ .
Thus, we have ̺row(U1, U2, U3) = (U,UR), where
U =
1 1 1 1 2′ 4′ 5′ 6′ 7′
2 0′ 3′ 4′ 5′
0′ 1′
, UR =
1 1 1 1 1 1 1 2 2
2 2 2 3 3
3 3
.
Since d = 4 and U = Hµ ∗ T+ (see Example 2.1), we have λ = (5, 1,−2) and
PT =

2′ 4′ 5′ 6′ 7′
0′ 3′ 4′ 5′
0′ 1′
, -4′ -2′ -1′
-4′ -3′ -2′ -1′
 ,
QT =
1 1 1 2 2
3
-3 -2
.
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Theorem 2.4. [24, Theorem 4.1] The map T 7→ (PT, QT) gives a bijection
κA/B : F
n
A/B −→
⊔
λ∈PA/B,n
SSTA/B(λ)× SST[n](λ),
where PA/B,n = {λ ∈ Z
n
+ | SSTA/B(λ) 6= ∅}.
For T = (T1, . . . , Tn) ∈ F
n
A/B, we put
wtA/B(T) =
n∑
i=1
wtA/B(Ti) ∈ PA ⊕ PB, wt[n](T) =
n∑
i=1
miǫi ∈ P[n],
where Ti ∈ SSTA/B(mi) for 1 ≤ i ≤ n. One can observe that
wtA/B(T) = wtA/B(PT), wt[n](T) = wt[n](QT),
and hence κA/B preserves the weights.
We define the character of SSTA/B(λ) to be
(2.4) S
A/B
λ =
∑
T∈SSTA/B(λ)
xT
A/B,
where xT
A/B = x
T+
A
(xT
−
B
)−1 for T = (T+, T−) ∈ SSTA/B(λ). Then Theorem 2.4
establishes the following Cauchy-type identity:
(2.5)
∏
i∈[n]
∏
a∈A1
(1 + xaxi)
∏
b∈B1
(1 + x−1b x
−1
i )∏
a∈A0
(1− xaxi)
∏
b∈B0
(1− x−1b x
−1
i )
=
∑
λ∈PA/B,n
S
A/B
λ sλ(x[n]).
Here sλ(x[n]) is the Laurent Schur polynomial corresponding to λ ∈ Z
n
+.
Note that, when B = ∅, we have PA/B,n = PA∩Pn, and S
A/B
λ = sλ(xA), which is
the usual (super) Schur function or polynomial corresponding to λ, and the identity
(2.5) recovers the well-known Cauchy identity. So a non-trivial generalization of
Schur functions or more interesting cases occur when both A and B are non-empty.
2.4. Howe duality and irreducible characters. The notion of parabolically
semistandard tableaux and its RSK with rational semistandard tableaux for the
general linear Lie algebra gln gives a unified combinatorial interpretation of various
dualities of (g, gln), where g is a general linear Lie superalgebra associated to (A,B).
We assume that the base field is C.
Let us explain it in more detail. For an arbitrary countable Z2-graded totally
ordered set S, let VS be a superspace with basis { vs | s ∈ S }, and let glS be the
general linear Lie superalgebra spanned by the elementary matrices Ess′ for s, s
′ ∈ S,
where the parity of Ess′ is given by the sum of the parities of s and s
′ (cf. [15]).
Now we consider g = glC with C = B ∗A. Let
F = S(VA ⊕ V
∨
B )
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be the super symmetric algebra generated by VA ⊕ V
∨
B
, where V ∨
B
is the restricted
dual space of VB. Recall that F can be viewed as an irreducible module over
a Clifford-Weyl algebra. Following the arguments in [5, Sections 5.1 and 5.4] (cf.
[8, 16]), one can define a semisimple action of g on F , and a semisimple action of gln
or GLn on F
⊗n for n ≥ 1 such that F⊗n decomposes into a finite-dimensional gln-
modules. Then the actions of g and gln commute with each other, and furthermore
the image of g in EndC(F
⊗n) generates Endgln(F
⊗n). Therefore, we have the
following multiplicity-free decomposition as a (g, gln)-module,
(2.6) F⊗n ∼=
⊕
λ∈Hg,n
Lg(λ)⊗ Ln(λ),
for a subsetHg,n of Z
n
+, where Ln(λ) is an irreducible gln-module with highest weight
λ ∈ Hg,n, and Lg(λ) is an irreducible g-module corresponding to Ln(λ). We define
the character chLg(λ) to be the trace of the operator
∏
c∈C x
Ecc
c on Lg(λ) for λ ∈ Hn.
Then we have the following decomposition, which is often referred to as Howe
duality (for type A) (cf. [2, 3, 4, 8, 13, 16, 21]).
Theorem 2.5. Let A and B be given. For n ≥ 1, we have
F
⊗n ∼=
⊕
λ∈PA/B,n
Lg(λ)⊗ Ln(λ),
as a (g, gln)-module, that is, Hg,n = PA/B,n, and the irreducible character chLg(λ)
is given by S
A/B
λ for λ ∈ PA/B,n.
Proof. Consider the operator D =
∏
c∈C x
Ecc
c
∏
i∈[n] x
eii
i , where eii is the i-th ele-
mentary diagonal matrix in gln. Taking the trace of D on both sides of (2.6), we
have ∏
i∈[n]
∏
a∈A1
(1 + xaxi)
∏
b∈B1
(1 + x−1b x
−1
i )∏
a∈A0
(1− xaxi)
∏
b∈B0
(1− x−1b x
−1
i )
=
∑
λ∈Hg,n
chLg(λ)sλ(x[n]).
Thus by the Cauchy-type identity (2.5) and the linear independence of Laurent
Schur polynomials, we conclude that Hg,n = PA/B,n and S
A/B
λ = chLg(λ) for λ ∈
PA/B,n. 
Note that Lg(λ)’s are mutually non-isomorphic irreducible g-modules for λ ∈⋃
n≥1 PA/B,n and the tensor product Lg(µ)⊗Lg(ν) for µ ∈ PA/B,m and ν ∈ PA/B,n
decomposes into a direct sum of Lg(λ)’s for λ ∈ PA/B,m+n with finite multiplicity
given by a Littlewood-Richardson number (see [24, Theorem 4.7]). Also, Lg(λ) is
semisimple over a maximal Levi subalgebra l = glA ⊕ glB of g, and expanding S
λ
A/B
as a linear combination of sµ(xA)sν(x
−1
B
) for µ, ν ∈ P (see [24, Proposition 3.14])
gives a branching rule with respect to l or its associated maximal parabolic sub
algebra.
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Recall that when A is finite with A = A0 or A1 and B = ∅, the decomposition in
Theorem 2.5 is the classical (glℓ, gln)-Howe duality on symmetric algebra or exterior
algebra generated by Cℓ ⊗ Cn, where ℓ = |A| (cf. [13]). Below we list some of
important examples where both A and B are non-empty, and g is a usual general
linear Lie algebra (see [24] for more detailed exposition).
Example 2.6. (1) If (A,B) = (Z′≥0,Z
′
<0), then S
A/B
λ (λ ∈ Z
n
+) is the character of an
integrable highest weight module over the general linear Lie algebra gl∞ with highest
weight of positive level n. The identity (2.5) corresponds to the (gl∞, gln)-duality
on the level n fermionic Fock space F⊗n [8]. In particular, SSTA/B(k) (k ∈ Z) can
be identified with a linear basis of the level 1 fermionic Fock space F of charge k,
which is realized by P [14, Section 1], by mapping an element
T = ( i′s · · · i
′
2 i
′
1 , -j
′
1 -j
′
2 · · · -j
′
r ),
where ip ≥ 0, jq > 0 and s− r = k, to the following Young diagram
λT =
s
j1−r
r i1−s+1
is
jr−1. . .
.
.
.
.
For example, the Young diagrams corresponding to T1, T2 and T3 in Example 2.3
are λT1 = (3, 3, 3, 2, 2, 2, 2), λT2 = (7, 7, 4, 3, 1) and λT3 = (6, 6), respectively.
(2) If (A,B) = (Z≥0,Z<0), then S
A/B
λ (λ ∈ Z
n
+) is the character of an irreducible
(non-integrable) highest weight module over gl∞ with highest weight of negative
level −n, which appears in the (gl∞, gln)-duality on the level n bosonic Fock space
[16].
(3) If (A,B) = ([−q], [p]) for p, q ∈ Z>0, then S
A/B
λ (λ ∈ Z
n
+) is equal to the char-
acter of an infinite-dimensional irreducible glp+q-module, which is unitarizble. The
family of irreducible representations appears in (glp+q, gln)-duality on the symmetric
algebra S(Cp⊗Cn⊕Cq∗⊗Cn∗) [21], which are called holomorphic discrete series or
oscillator modules.
2.5. Hall-Littlewood functions. Let q be an indeterminate. Fix n ≥ 1. For
µ ∈ Pn, let Pµ(x[n], q) be the Hall-Littlewood polynomial in x[n] associated to µ
[29, Chapter III.2]. For µ ∈ Zn+, we put Pµ(x[n], q) = (x1 . . . xn)
−dPµ+(dn)(x[n], q)
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for some d ≥ 0 such that µ + (dn) ∈ Pn, which is independent of d and hence
well-defined.
Consider a formal power series Q
A/B
λ in xA and x
−1
B
, which is determined by the
following Cauchy-type identity:
(2.7)
∏
i∈[n]
∏
a∈A1
(1 + xaxi)
∏
b∈B1
(1 + x−1b x
−1
i )∏
a∈A0
(1− xaxi)
∏
b∈B0
(1− x−1b x
−1
i )
=
∑
λ∈Zn+
Q
A/B
λ Pλ(x[n], q).
The following is a well-known identity:
(2.8) sλ(x[n]) =
∑
µ∈Zn+
Kλµ(q)Pµ(x[n], q),
for λ ∈ Zn+, where Kλµ(q) (λ, µ ∈ Pn) are the Kostka-Foulkes polynomials or
Lusztig’s q-weight multiplicities of type An−1. Here we setKλµ(q) = Kλ+(dn)µ+(dn)(q)
for d ≥ 1 with λ+ (dn), µ+ (dn) ∈ Pn, which is independent of the choice of d. By
(2.5), (2.7) and (2.8), we have
(2.9) QA/Bµ =
∑
λ∈Zn+
Kλµ(q)S
A/B
λ ,
for µ ∈ Zn+. Since Kλµ(q) has nonnegative integral coefficients with Kλµ(1) =∣∣SST[n](λ)µ∣∣, we may view QA/Bµ as a q-analogue of the character of
(2.10) Fµ
A/B = SSTA/B(µ1)× · · · × SSTA/B(µn),
by Theorem 2.4. Recall that Q
A/B
µ is a modified Hall-Littlewood function for µ ∈ P
when A = Z>0 or Z
′
>0 and B = ∅, and it can be realized as a graded character of
a tensor product of KR crystals with respect to an energy function of affine type A
[30].
Our main goal is to introduce a purely combinatorial statistic on Fµ
A/B, which
realizes (2.9) as a graded character of Fµ
A/B for arbitrary A and B, also generalizing
the usual energy functions on sequences of row (or column) tableaux.
3. Affine crystals and charge statistic
3.1. Crystals. Let us give a brief review on crystals (cf. [12, 19]). Let g be the
Kac-Moody algebra associated to a symmetrizable generalized Cartan matrix A =
(aij)i,j∈I . Let P
∨ be the dual weight lattice, P = HomZ(P
∨,Z) the weight lattice,
Π∨ = {hi | i ∈ I } the set of simple coroots, and Π = {αi | i ∈ I } the set of simple
roots of g such that 〈hi, αj〉 = aij for i, j ∈ I. Let Uq(g) be the quantized enveloping
algebra of g.
A g-crystal (or crystal for short) is a set B together with the maps wt : B → P ,
εi, ϕi : B → Z ∪ {−∞} and e˜i, f˜i : B → B ∪ {0} (i ∈ I) satisfying certain axioms.
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For a dominant integral weight Λ for g, we denote by B(Λ) the crystal associated
to the irreducible highest weight Uq(g)-module with highest weight Λ.
For a crystal B, we denote its dual by B∨, which is a set B∨ = {b∨ | b ∈ B} with
wt(b∨) = −wt(b),
εi(b
∨) = ϕi(b), ϕi(b
∨) = εi(b),
e˜i(b
∨) = f˜i(b)
∨, f˜i(b
∨) = e˜i(b)
∨,
for b ∈ B and i ∈ I. A tensor product B1 ⊗ B2 of crystals B1 and B2 is defined to
be a crystal, which is B1 ×B2 as a set with elements denoted by b1 ⊗ b2, satisfying
wt(b1 ⊗ b2) = wt(b1) + wt(b2),
εi(b1 ⊗ b2) = max{εi(b1), εi(b2)− 〈wt(b1), hi〉},
ϕi(b1 ⊗ b2) = max{ϕi(b1) + 〈wt(b2), hi〉, ϕi(b2)},
e˜i(b1 ⊗ b2) =
e˜ib1 ⊗ b2, if ϕi(b1) ≥ εi(b2),b1 ⊗ e˜ib2, if ϕi(b1) < εi(b2),
f˜i(b1 ⊗ b2) =
f˜ib1 ⊗ b2, if ϕi(b1) > εi(b2),b1 ⊗ f˜ib2, if ϕi(b1) ≤ εi(b2),
for i ∈ I. Here we assume that 0⊗ b2 = b1 ⊗ 0 = 0.
Given b1 ∈ B1 and b2 ∈ B2, we write b1 ≡ b2 if there is an isomorphism of crystals
C(b1)→ C(b2) mapping b1 to b2, where C(bi) denotes the connected component of
bi in Bi for i = 1, 2.
3.2. An−1-crystals. Fix a positive integer n ≥ 2. Suppose that g = An−1 or the
associated generalized Cartan matrix is of type An−1 with I = { 1, . . . , n − 1 }. We
assume that its weight lattice is Pn := P[n]. We often identify λ ∈ Z
n
+ with the
dominant integral weight
∑n
i=1 λiǫi. Let ∆
+
n−1 = { ǫs− ǫt | 1 ≤ s < t ≤ n } the set of
positive roots. The Weyl group is the symmetric group Sn on n letters generated
by the transposition rj = (j j + 1) for j = 1, . . . , n − 1. From now on, we always
denote the associated data of an An−1-crystal by e˜j , f˜j , εj , ϕj (j = 1, . . . , n−1) and
wt.
We may regard [n] as B(ǫ1) the crystal of the natural representation, and [−n]
as its dual. Given λ ∈ Zn+, SST[n](λ) has an An−1-crystal structure by regarding
wcol(T ) for T ∈ SST[n](λ) as an element in [n]
⊗p ⊗ [−n]⊗q for some p, q ≥ 0. Here,
we understand that wcol(T ) is the word with letters in [n] ∪ [−n] obtained from T
by column reading as usual. Then we have SST[n](λ) ∼= B(λ) (cf. [20]). It is not
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difficult to see that
σd(T ) ≡ T, δd(S) ≡ S
∨,(3.1)
for T ∈ SST[n](λ) with λ ∈ Z
n
+ and S ∈ SST[n](µ) with µ ∈ Pn up to a shift of
weight by d(ǫ1 + . . . + ǫn) (d ∈ Z) or as elements in An−1-crystals with the weight
lattice Pn/Z(ǫ1+ . . .+ ǫn) (see (2.2) and (2.3) for σ and δd). The crystal equivalence
≡ is also compatible with row and column insertions, that is, (T ← a) ≡ T ⊗ a and
(a→ T ) ≡ a⊗ T for a ∈ [n] and T ∈ SST[n](λ) with λ ∈ Pn.
3.3. Charge statistic. For λ, µ ∈ Pn and T ∈ SST[n](λ)µ, we denote by c(T ) the
charge of T , which was introduced by Lascoux and Schu¨tzenberger [27]. It is shown
in [28] that
Kλµ(q) =
∑
T∈SST[n](λ)µ
qc(T ).(3.2)
One can naturally induce a charge statistic on a regular An−1-crystal B as follows:
Let b ∈ B be given. First, note that the connected component C(b) ⊂ B under e˜j
and f˜j (j = 1, . . . , n − 1) is isomorphic to B(λ) for some λ ∈ Z
+
n . Choose d ≥ 0
such that λ+(dn) ∈ Pn. Since B(λ) ∼= SST[n](λ+ (d
n)) as a {1, . . . , n− 1}-colored
oriented graph by (3.1), b can be identified with a tableau T ∈ SST[n](λ + (d
n)).
Then we define
(3.3) charge(b) = c(T ′),
where T ′ is a unique tableau with dominant weight in the Sn-orbit of T . By defini-
tion of Lascoux and Schu¨tzenberger’s charge, it is not difficult to see that charge(b)
does not depend on the choice of d. In particular, we define for λ, µ ∈ Zn+
(3.4) Kλµ(q) =
∑
b∈B(λ), wt(b)=µ
qcharge(b),
which is equal to the usual Kostka-Foulkes polynomial Kλ+(dn)µ+(dn)(q) for some
d ≥ 0.
Recall that there is an intrinsic characterization of the charge statistic [26], which
is described only in terms of the geometry of the crystal graph B(λ) for λ ∈ Zn+. In
Section 3.5, we give another intrinsic characterization, which plays a crucial role in
this paper. For this, we need the following statistic on a regular An−1-crystal B: for
α = ǫs − ǫt ∈ ∆
+
n−1 and b ∈ B
εα(b) = εs(Ss+1Ss+2 · · ·St−1(b)),
ϕα(b) = ϕs(Ss+1Ss+2 · · · St−1(b)),
(3.5)
where Sj is the Sn-action on B associated to rj . Since ϕα(b)− εα(b) = 〈wt(b), α
∨〉,
where α∨ = hs + · · ·+ ht−1 is the coroot of α, one may think of εα(b) and ϕα(b) as
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information on an sl2-string of b with respect to α = rt−1 . . . rs+1(αs). We should
remark that they depend on the choice of a simple root conjugate to α. Here we
choose it as αs.
3.4. Affine A
(1)
ℓ−1-crystals and energy function. Fix a positive integer ℓ ≥ 2.
Suppose that g = A
(1)
ℓ−1 with I = { 0, . . . , ℓ− 1 } and g0 = Aℓ−1 is the subalgebra of
g corresponding to I \ {0}. For 1 ≤ r ≤ ℓ − 1, let ̟r be the fundamental weight
for g0 corresponding to the simple root αr. For s ≥ 1, let B
r,s denote the Kirillov-
Reshetikhin crystal (or KR crystal for short) of type A
(1)
ℓ−1, which is isomorphic to
B(s̟r) as an Aℓ−1-crystal [18, 32]. Let ur,s be the unique element in B
r,s of weight
s̟r. For convenience, let us assume that B
0,s and Bℓ,s are trivial crystals.
Let B1 and B2 be two KR crystals with the classical highest weight elements u1
and u2, respectively. Let σ = σB1,B2 : B1 ⊗ B2 −→ B2 ⊗ B1 be a unique A
(1)
ℓ−1-
crystal isomorphism called the combinatorial R-matrix. There exists a function
H = HB1,B2 : B1⊗B2 −→ Z such that H is constant on each connected component
in B1 ⊗B2 as an Aℓ−1-crystal and
H(e˜0(b1 ⊗ b2)) =
H(b1 ⊗ b2) + 1, if e˜0(b1 ⊗ b2) = e˜0(b1)⊗ b2 and e˜0(b
′
2 ⊗ b
′
1) = e˜0(b
′
2)⊗ b
′
1,
H(b1 ⊗ b2)− 1, if e˜0(b1 ⊗ b2) = b1 ⊗ e˜0(b2) and e˜0(b
′
2 ⊗ b
′
1) = b
′
2 ⊗ e˜0(b
′
1),
H(b1 ⊗ b2), otherwise,
for b1 ⊗ b2 ∈ B1 ⊗ B2 with b
′
2 ⊗ b
′
1 = σ(b1 ⊗ b2). It is well-known that H is unique
up to an additive constant and is called the local energy function on B1 ⊗B2 [17].
Suppose that B = B1 ⊗ · · · ⊗ Bn is a tensor product of KR crystals. For 1 ≤
i ≤ n − 1, let σi be the A
(1)
ℓ−1-crystal isomorphism of B, which acts as σBi,Bi+1 on
Bi ⊗ Bi+1 and as identity elsewhere, and let Hi be the function on B given by
Hi(b1⊗· · ·⊗ bn) = HBi,Bi+1(bi⊗ bi+1). The energy function DB : B −→ Z is defined
to be
(3.6) DB(b) =
∑
1≤i<j≤n
Hi(σi+1σi+2 · · · σj−1(b)) (b ∈ B),
which plays a very important role in the study of finite affine crystals (cf. [9, 10]).
Note that DB is constant on each connected component in B as an Aℓ−1-crystal,
which therefore gives a natural q-analogue of the branching multiplicities with re-
spect to Aℓ−1 ⊂ A
(1)
ℓ−1.
3.5. Crystal skew Howe duality. Let Mℓ×n(Z2) be the set of ℓ × n matrices
m = (mij) such that mij = 0, 1 for 1 ≤ i ≤ ℓ and 1 ≤ j ≤ n.
For 1 ≤ i ≤ ℓ, let m(i) denote the ith row of m. We may identify each m(i) with
an [n]-semistandard tableau of single column whose entries are the column indices
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j with mij = 1, and hence regard Mℓ×n(Z2) as an An−1-crystal by identifying m
with m(ℓ) ⊗ · · · ⊗m(1) with respect to e˜j , f˜j, εj , ϕj for 1 ≤ j ≤ n− 1.
For 1 ≤ j ≤ n, let m(j) denote the jth column of m. In the same way, we regard
Mℓ×n(Z2) as an Aℓ−1-crystal by identifying m with m
(1) ⊗ · · · ⊗m(n) with respect
to e˜i, f˜i, εi, ϕi for 1 ≤ i ≤ ℓ− 1.
Then Mℓ×n(Z2) is an (Aℓ−1, An−1)-bicrystal, that is, x˜ix˜j = x˜jx˜i for all i, j,
x = e, f and x = e, f, and the well-known (dual) RSK correspondence
(3.7) Mℓ×n(Z2) −→
⊔
λ∈P
SST[ℓ](λ)× SST[n](λ
′)
is a bicrystal isomorphism [6, 23]. Here λ′ denotes the conjugate of λ. This can be
viewed as a crystal version of skew (glℓ, gln)-Howe duality (cf. [13]).
Moreover, Mℓ×n(Z2) is an A
(1)
ℓ−1-crystal with respect to e˜i and f˜i for 0 ≤ i ≤ ℓ−1,
since each column ofm ∈Mℓ×n(Z2) can be considered as an element in a KR crystal
Br,1 for some 1 ≤ r ≤ ℓ−1 or a trivial crystal. Note that e˜0 and f˜0 do not commute
with e˜j and f˜j for 1 ≤ j ≤ n− 1, in general.
The affine A
(1)
ℓ−1-crystal Mℓ×n(Z2) is a union of tensor product of KR-crystals
B1 ⊗ · · · ⊗Bn. Thus, we can define the energy function D on Mℓ×n(Z2) as in (3.6),
where we normalize the local energy function by requiring HBi,Bi+1(ui ⊗ ui+1) = 0
for KR crystals Bi with the classical highest weight elements ui ∈ Bi for 1 ≤ i ≤ n.
Then via (3.7) we can rewrite D in terms of statistics on An−1-crystal as follows.
Proposition 3.1. For m ∈Mℓ×n(Z2), we have
D(m) = −
∑
α∈∆+n−1
min{εα(m),ϕα(m)}.
Proof. We may assume thatm ∈ B = B1⊗· · ·⊗Bn, whereBj = SST[ℓ](1
tj ) = Btj ,1
for some tj (1 ≤ j ≤ n). We can check in a straightforward manner by using the
bicrystal structure on Mℓ×n(Z2) that for 1 ≤ j ≤ n− 1,
(3.8)
· σBj ,Bj+1 on Bj ⊗Bj+1 coincides with the Sn-action Sj on m,
· HBj ,Bj+1(m
(j) ⊗m(j+1)) = −min{ εj(m),ϕj(m) },
(cf. [30, Section 3.5]), where the second statement of (3.8) may be understood as
a crystal-theoretic interpretation of [30, Rule 3.10]. Then it follows from (3.5) and
(3.8) that
Hs(σs+1σs+2 · · · σt−1(m)) = −min{εα(m),ϕα(m)} (1 ≤ s < t ≤ n),
where α = ǫs − ǫt. Hence, we get D(m) = −
∑
α∈∆+n−1
min{εα(m),ϕα(m)}. 
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Combining with the result of Nakayashiki and Yamada [30] (see also [31, 32] for its
generalisation), we obtain the following intrinsic characterization of charge statistic
on a regular An−1-crystal.
Theorem 3.2. Let B be a regular An−1-crystal. For b ∈ B, we have
charge(b) =
∑
α∈∆+n−1
min{εα(b),ϕα(b)}.
Proof. Given b ∈ B, we may assume that b ∈ SST[n](λ) for some λ ∈ Pn up to a
shift of its weight by d(ǫ1+ . . .+ ǫn) (d ≥ 0), say b = T . Let m be the unique matrix
in Mℓ×n(Z2) such that m(i) corresponds to the ith column of T from the left-most
column of λ. Since charge(b) is invariant under the Weyl group action, we may also
assume that wt(b) is dominant, which corresponds to a partition µ = (µ1, . . . , µn).
Then m ∈ Bµ1,1 ⊗ · · · ⊗Bµn,1 as an A
(1)
ℓ−1-crystal. Since we have c(T ) = −D(m) by
[30, Section 4.1], we have by Proposition 3.1,
charge(b) = c(T ) = −D(m) =
∑
α∈∆+n−1
min{εα(b),ϕα(b)}.
This completes the proof. 
4. A combinatorial energy function
In this section, we introduce a combinatorial energy function D on Fµ
A/B for µ ∈
Z
n
+, which realizes Q
µ
A/B in (2.9) as a graded character of F
µ
A/B.
4.1. Combinatorial energy function. Consider SSTA/B(k1) × SSTA/B(k2) for
k1, k2 ∈ Z. Let Tj = (T
+
j , T
−
j ) ∈ SSTA/B(kj) be given for j = 1, 2 with
wtA/B(Tj) =
∑
a∈A
majǫa −
∑
b∈B
mbjǫb.
First, we define a local energy function
H : SSTA/B(k1)× SSTA/B(k2) −→ Z,
following the steps below:
(H-1) Choose finite subsets A◦ ⊂ A and B◦ ⊂ B such that Tj ∈ SSTA◦/B◦(kj) for
j = 1, 2. To each i ∈ A◦ ⊔B◦, we assign a sequence of ± signs as follows:
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si =

− · · · −︸ ︷︷ ︸
mi2
+ · · · +︸ ︷︷ ︸
mi1
if i ∈ A0,
+︸︷︷︸
mi1
−︸︷︷︸
mi2
if i ∈ A1,
− · · · −︸ ︷︷ ︸
mi1
+ · · · +︸ ︷︷ ︸
mi2
if i ∈ B0,
+︸︷︷︸
mi2
−︸︷︷︸
mi1
if i ∈ B1.
(H-2) Let s = sT1,T2 = (sak sak−1 . . . sa1 sb1 sb2 . . . sbl) be their concatenation where
A◦ = {ak > · · · > a1} and B
◦ = {b1 < · · · < bl}, and cancel out all possible
(+ −) pairs in s as far as possible to obtain a reduced sequence
s
red = (− · · · −︸ ︷︷ ︸
ε
+ · · · +︸ ︷︷ ︸
ϕ
).
Then we define
H(T1, T2) = −min{ε,ϕ}.
Lemma 4.1. With the same notations as above, we have ϕ− ε = k1 − k2.
Proof. Let p (resp. q) be the total number of +’s (resp. −’s) in s. Then
p =
∑
a∈A
ma1 +
∑
b∈B
mb2, q =
∑
a∈A
ma2 +
∑
b∈B
mb1.
Since ϕ− ε = p− q and kj =
∑
a∈Amaj −
∑
b∈Bmbj for j = 1, 2, we have ϕ − ε =
k1 − k2. 
Next, we define a combinatorial R-matrix
σ : SSTA/B(k1)× SSTA/B(k2) −→ SSTA/B(k2)× SSTA/B(k1) ,
(T1, T2) 7−→ (T
′
2, T
′
1)
where (T ′2, T
′
1) is given by moving and rearranging some of the entries in T1 and T2
in the following way:
(σ-1) If k1 = k2, then put (T
′
2, T
′
1) = (T1, T2).
(σ-2) If k1 > k2, then let y1, . . . , yk1−k2 be the entries in T1 or T2 corresponding to
the first k1 − k2 signs of + in s
red from the left (see Lemma 4.1). For each
1 ≤ k ≤ k1 − k2, if yk ∈ A (resp. yk ∈ B), i.e. yk appears T
+
1 (resp. T
−
2 ),
then we move it to T+2 (resp. T
−
1 ) and rearrange the entries with respect to
the total order on A (resp. B).
(σ-3) If k1 < k2, then let xk2−k1 , . . . , x1 be the entries in T1 or T2 corresponding to
the first k2 − k1 signs of − in s
red from the right. For each 1 ≤ k ≤ k2 − k1,
if xk ∈ A (resp. xk ∈ B), i.e. xk appears T
+
2 (resp. T
−
1 ), then we move it
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to T+1 (resp. T
−
2 ) and rearrange the entries with respect to the total order
on A (resp. B).
By definition, it is clear that σ ◦ σ = id.
Example 4.2. (1) If A = [ℓ]′ and B = ∅, then we have SSTA/B(kj) = B
kj ,1 for
j = 1, 2, and identify SSTA/B(k1) × SSTA/B(k2) with B
k1,1 ⊗ Bk2,1. As we have
seen in Section 3.5, we regard Mℓ×2(Z2) as a union of tensor products B
r,1 ⊗Bs,1.
Since Mℓ×2(Z2) is an (Aℓ−1, A1)-bicrystal, we can apply ε1 and ϕ1 to (T1, T2) in
SSTA/B(k1) × SSTA/B(k2) (as an A1-crystal). It follows from the definition of H
that
H(T1, T2) = −min{ε1(T1, T2),ϕ1(T1, T2)}.
Then we have from (3.8) that
H(T1, T2) = HBk1,1,Bk2,1(T1 ⊗ T2).
Hence H on Bk1,1×Bk2,1 coincides with the local energy function H on Bk1,1⊗Bk2,1
normalized by H(uk1,1 ⊗ uk2,1) = 0.
(2) If A = [ℓ] and B = ∅, then we have SSTA/B(kj) = B
1,kj for j = 1, 2, and
identify SSTA/B(k1) × SSTA/B(k2) with B
1,k1 ⊗ B1,k2 . As we have seen (1), we
consider the crystal version of (gln, gl2)-Howe duality on the union of tensor products
B1,r ⊗B1,s. Then, by the definition of H, one can show that
H(T1, T2) = −min{ε1(T1, T2),ϕ1(T1, T2)},
for (T1, T2) ∈ SSTA/B(k1)×SSTA/B(k2). Interpreting [30, Rule 3.11] from a point of
view of crystal bases theory as (3.8), we can check that the map −H on SSTA/B(k1)×
SSTA/B(k2) coincides with the local energy function H on B
1,k2 ⊗B1,k1 (in reverse
order) normalized by H(u1,k2 ⊗ u1,k1) = min{k1, k2} (cf. [30, Section 3]). In both
cases (1) and (2), σ is equal to the combinatorial R-matrix σ.
(3) Suppose that A is finite with |A0| = n and |A1| = m and B = ∅. Then
SSTA/B(k) for k ≥ 1 can be viewed as a crystal over the quantum superalgebra
Uq(glm|n) [1]. It would be very nice to find a representation theoretical meaning
of H and σ from finite-dimensional modules over the quantum affine superalgebra
Uq(ŝlm|n) [34].
(4) Let T = (T1, T2, T3) be as in Example 2.3. Since
wt(T2) = ǫ0′ + ǫ2′ + ǫ6′ + ǫ7′ − ǫ-4′ − ǫ-2′ − ǫ-1′ ,
wt(T3) = ǫ4′ + ǫ5′ − ǫ-2′ − ǫ-1′ ,
we have sT2,T3 = (+ + − − + + − + − + −). Thus, the reduced sequence
s
red = (+ ) gives H(T2, T3) = 0 and
σ(T2, T3) = (T
′
2, T
′
3) ∈ SSTA/B(0)× SSTA/B(1),
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where
T ′2 = ( 0
′ 6′ 7′ , -4′ -2′ -1′ ), T ′3 = ( 2
′ 4′ 5′ , -2′ -1′ ).
In the same manner, we compute
sT1,T2 = (− − + + + − + + − + − − + +),
sT1,T ′2
= (− − + + + + + − + − − + +),
which yield H(T1, T2) = −2 and H(T1, T
′
2) = −2.
While SSTA/B(k) for k ∈ Z produces a character of a level one integrable highest
weight module over Uq(gl∞), it also corresponds to a KR module over Uq(ŝl∞),
where ŝl∞ is an affinization of sl∞ [11]. As in (3), we expect that H and σ are
closely related with the theory of KR modules over Uq(ŝl∞).
Now, we fix n ≥ 1. For simplicity, we put
F
n = Fn
A/B,
F
µ = SSTA/B(µ1)× · · · × SSTA/B(µn),
(4.1)
for µ = (µ1, . . . , µn) ∈ Z
n. Clearly, we have Fn =
⊔
µ∈Zn F
µ. For 1 ≤ i ≤ n− 1, let
σi be the map on F
µ ⊂ Fn, which acts as σ on SSTA/B(µi)× SSTA/B(µi+1) and as
identity elsewhere, and let Hi be the map on F
n given by Hi(T1, . . . , Tn) = H(Ti, Ti+1)
for (T1, . . . , Tn) ∈ F
n.
We define a combinatorial energy function D : Fn −→ Z by
D(T) =
∑
1≤i<j≤n
Hi(σi+1σi+2 · · ·σj−1(T)) (T ∈ F
n).
Then we have the following, which is a generalization of [30]. The proof is given in
the next section.
Theorem 4.3. For T ∈ Fn, we have
D(T) = −charge(QT),
where QT is the rational semistandard tableau corresponding to T under the RSK
map κA/B on F
n in Theorem 2.4. In particular, we have D(T) = D(T′) for T,T′ ∈
Fn such that QT = QT′.
Example 4.4. Continuing Example 4.2 (4), we have
D(T) = H(T1, T2) + H(T1, T
′
2) + H(T2, T3) = −4.
Since
charge(QT) = c
(
1 1 1 1 1 2 2
2 3 3
)
= 4,
we have D(T) = −charge(QT).
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As a consequence, we obtain a combinatorial realization of (2.9) in terms of D.
Theorem 4.5. For µ ∈ Zn+, we have
QA/Bµ =
∑
T∈Fµ
q−D(T)xT
A/B,
where xT
A/B =
∏n
i=1 x
Ti
A/B for T = (T1, . . . , Tn) ∈ F
µ.
Proof. Restricting κA/B to F
µ, we have a weight preserving bijection:
κA/B : F
µ −→
⊔
λ∈PA/B,n
SSTA/B(λ)× SST[n](λ)µ.
Thus, the assertion follows from (2.9), (3.2), and Theorem 4.3. 
4.2. Proof of Theorem 4.3. The proof is given in two steps. We will first define
a regular An−1-crystal structure on F
n and show that −D is equal to the charge on
Fn as an An−1-crystal. Next, we will show that the RSK type correspondence κA/B
for parabolically semistandard tableaux is an An−1-crystal isomorphism, which is a
key part in the proof of Theorem 4.3.
Let us define an An−1-crystal structure on F
n. Let MA/B,n be the set of matrices
m = (mij) with non-negative integral entries (i ∈ A ⊔ B, j ∈ [n]) satisfying (1)∑
i,j mij < ∞, (2) mij ∈ {0, 1} if i is odd,. Note that for T = (T1, . . . , Tn) ∈ F
n
with
wtA/B(Tj) =
∑
a∈A
majǫa −
∑
b∈B
mbjǫb,
for 1 ≤ j ≤ n, the map sending T to m = (mij) gives a natural bijection from F
n
to MA/B,n.
Let m ∈MA/B,n be given. For i ∈ A ⊔B, let m(i) = (mij)j∈[n] be the ith row of
m, and set |m(i)| =
∑
j∈[n]mij . Let λ
(i) ∈ Zn+ be given by
λ(i) =

(|m(i)|, 0, . . . , 0), if i ∈ A0,
(1|m(i)|, 0, . . . , 0), if i ∈ A1,
(0, . . . , 0,−|m(i)|), if i ∈ B0,
(0, . . . , 0,−1|m(i)|), if i ∈ B1.
We identify m(i) with a unique rational semistandard tableau T
(i) ∈ SST[n](λ
(i))
such that
wt[n]
(
T (i)
)
=
{ ∑
j∈[n]mijǫj, if i ∈ A,
−
∑
j∈[n]mijǫj, if i ∈ B.
For example, if a ∈ A0 and b ∈ B1, then we have
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m(a) = (2, 0, 1, 2) ←→ T
(a) = 1 1 3 4 4 ∈ SST[4](5, 0, 0, 0),
m(b) = (1, 1, 0, 1) ←→ T
(b) =
-4
-2
-1
∈ SST[4](0, -1, -1, -1).
Then we define a regular An−1-crystal structure onMA/B,n and hence on F
n via the
correspondence
m ←→
←−⊗
a∈A
T (a) ⊗
−→⊗
b∈B
T (b).(4.2)
Here we understand
←−⊗
a∈AT
(a) as a tenor product with respect to the reverse total
order on A. Since T (a) is an empty tableau except for finitely many a ∈ A, it is
well-defined. Similarly,
−→⊗
b∈BT
(b) is a tensor product with respect to the total order
on B. One may assume that the row indices of m ∈ MA/B,n are parametrized by
Bπ ∗A, and we read each row in m from bottom to top.
Since Fn is an An−1-crystal, one can consider εα(T) and ϕα(T) for T ∈ F
n and
α ∈ ∆+n−1 as in (3.5). By definitions of H and σ, we can check that
Hi(T) = −min{εi(T),ϕi(T)}, σi(T) = Si(T),(4.3)
for 1 ≤ i ≤ n − 1. In particular σi’s satisfy the braid relations. Thus, combining
(4.3) with εα(T) and ϕα(T), we obtain the following, which generalizes Proposition
3.1.
Proposition 4.6. For T ∈ Fn, we have
D(T) = −
∑
α∈∆+n−1
min{εα(T),ϕα(T)}.
Moreover, the regular An−1-crystal structure of F
n enables us to consider the
charge of T ∈ Fn. By Theorem 3.2, we have
Corollary 4.7. For T ∈ Fn, we have D(T) = −charge(T).
This also immediately implies that D ◦ σi = D for 1 ≤ i ≤ n− 1.
Next, we interpret the map κA/B
κA/B : F
n −→
⊔
λ∈PA/B,n
SSTA/B(λ)× SST[n](λ).
from a viewpoint of crystal. We assume that the right-hand side is an An−1-crystal,
where the operators e˜j and f˜j act on the second factor SST[n](λ).
Theorem 4.8. The map κA/B is an An−1-crystal isomorphism.
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Proof. Let us recall the bijections ̺col and ̺row given in (2.1). Suppose B = ∅ and
write FA = FA/∅. Extending ̺col and ̺row to F
n
A
, we have bijections
̺col, ̺row : F
n
A −→
⊔
λ∈PA∩Pn
SSTA(λ)× SST[n](λ),
which are indeed the RSK correspondences since Fn
A
can be identified with MA/∅,n.
Let T ∈ Fn
A
be given with the corresponding matrix m ∈ MA/∅,n. If we write
̺col(T) = (Pc, Qc) and ̺row(T) = (Pr, Qr), then
−→⊗
a∈A
ma ≡ Qc,
←−⊗
a∈A
ma ≡ Qr.(4.4)
Indeed, the first equivalence follows from [23, Theorem 3.11] on (glm|n, glu|v)-bicrystal
isomorphism over general linear Lie superalgebras, where we replace glu|v with gln|0
and glm|n with a Lie superalgebra glA associated to A (see also [25, Lemma 4.9]).
Similarly, the second equivalence can be obtained by changing the parity of A and
applying [23, Theorem 4.5].
Let T ∈ Fn be given, andm the corresponding matrix inMA/B,n. Let κA/B(T) =
(PT, QT). We keep the same notations Q, Q
∨, and UR in (κ-1)-(κ-4) in Section 2.3.
It follows from (3.1), (κ-1), (κ-2), and the first equivalence in (4.4) that
Q∨ ≡
(
−→⊗
b∈Bpi
m∨b
)∨
≡
(
←−⊗
b∈B
m∨b
)∨
≡
−→⊗
b∈B
mb.
We should remark that on M∅/B,n the An−1-crystal structure is dual to that of
MA/∅,n. Moreover, since k < a in [n] ∗ A for all k ∈ [n] and a ∈ A, (3.1) and the
second equivalence in (4.4) give
QT ≡ UR ≡
(
←−⊗
a∈A
ma
)
⊗Q∨ ≡
(
←−⊗
a∈A
ma
)
⊗
(
−→⊗
b∈B
mb
)
≡ T,
which implies that κA/B is a morphism of An−1-crystals. Thus the assertion follows
from Theorem 2.4. 
Corollary 4.9. For T ∈ Fn, charge(T) = charge(QT).
Now, Theorem 4.3 follows from Corollaries 4.7 and 4.9. This completes the proof.
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Example 4.10. Continuing Example 2.3, we have the matrix m corresponding to
T as follows:
m =
1 2 3
-4′ • • ·
-3′ • · ·
-2′ · • •
-1′ · • •
0′ • • ·
1′ • · ·
2′ · • ·
3′ • · ·
4′ • · •
5′ • · •
6′ · • ·
7′ · • ·
where · and • denote 0 and 1 respectively. This yields
T (0
′) = 1
2
, T (1
′) = T (3
′) = 1 , T
(2′) = T (6
′) = T (7
′) = 2 , T
(4′) = T (5
′) = 1
3
,
T (-1
′) = T (-2
′) =
-3
-2
, T (-3
′) = -1 , T
(-4′) =
-2
-1
.
Thus, using the Schensted’s bumping algorithm, we see
T (7
′) ⊗ T (6
′) ⊗ T (5
′) ⊗ T (4
′) ⊗ T (3
′) ⊗ T (2
′) ⊗ T (1
′) ⊗ T (0
′) ≡ 1 1 1 1 1 2 2
2 2 3 3
,
T (
-4′) ⊗ T (-3
′) ⊗ T (-2
′) ⊗ T (-1
′) ≡ 3 ⊗
2
3
⊗ 1 ⊗ 1 ≡
1 1 2 3
3
≡ Q∨ .
Therefore, we have
T ≡
←−⊗
a∈Z′≥0
T (a) ⊗
−→⊗
b∈Z′<0
T (b)
≡ 1 1 1 1 1 2 2
2 2 3 3
⊗ 1 1 2 3
3
≡ QT .
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